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Abstract. We investigate the equivariant cohomology of the natural torus 
action on a iC-contact manifold and its relation to the topology of the Reeb 
flow. Using the contact moment map, we show that the equivariant cohomol- 
ogy of this action is Cohen-Macaulay, the natural substitute of equivariant 
formality for torus actions without fixed points. As a consequence, generic 
components of the contact moment map are perfect Morse-Bott functions for 
the basic cohomology of the orbit foliation T of the Reeb flow. Assuming that 
the closed Reeb orbits are isolated, we show that the basic cohomology of T 
vanishes in odd degrees, and that its dimension equals the number of closed 
Reeb orbits. We characterize if -contact manifolds with minimal number of 
closed Reeb orbits as real cohomology spheres. We also prove a GKM-type 
theorem for ii'-contact manifolds which allows to calculate the equivariant 
cohomology algebra under the nonisolated GKM condition. 
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1. Introduction 

1.1. Torus actions on AT-contact manifolds. A A'-contact manifold is a man- 
ifold with a contact form a and a Riemannian metric g adapted to a (see Defini- 
tion [2TT]). Any compact manifold M with a contact form whose Reeb flow preserves 
a Riemannian metric on M has a compatible AT-contact structure by the observation 
of Yamazaki (Proposition 2.1 of [35]). Main examples of AT-contact manifolds are 
Sasakian manifolds, which have been studied by Einstein geometers and physicists 
(see Boyer-Galicki |5]). 

Let (M, a, g) be a compact connected AT-contact manifold. The torus T obtained 
by the closure of the Reeb flow of a in the isometry group of (M, g) acts on M with- 
out fixed points. The following theorem, which will be proven in Section [Bl should 
be regarded as a result analogous to the statement (Proposition 5.8 of Kirwan 
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that Hamiltonian actions on compact syinplectic manifolds are equivariantly formal 
(see Section HI). 

Theorem. The T-action on M is Cohen- Macaulay. 

See Definition [STT] for the definition of Cohen-Macaulay actions. The T-action pre- 
serves the orbit foliation of the Reeb flow. Therefore (M, J^) admits a transverse 
action (see Definition 13. ip of the abelian Lie algebra a = t/RR where t = Lie(T) 
and R is the Reeb vector field of a. In terms of basic equi variant cohomology of 
(M, J^) introduced in [T3] , the above theorem is equivalent to the following. 

Theorem. The a-action on {M,J-) is equivariantly formal. 

See Definition 14.41 for the definition of equivariant formality of transverse actions. 
Using results from [T3] and [13] , these theorems will be deduced from the fact that 
a generic component of the contact moment map is a Morse-Bott function whose 
critical set equals the set of closed Reeb orbits. 

1.2. Topology of the Reeb flow of X-contact manifolds. We will deduce 
several consequences on the topology of a compact {2n+ l)-dimensional if -contact 
manifold {M, a, g) from the two theorems in the last section. Let T be the orbit 
foliation of the Reeb flow of a, and H'{M, F) be the basic cohomology of (M, F). 
In particular, we will show in Section [7] 

Theorem. // the closed Reeb orbits of a are isolated, then we have 

(1) H\M)^0, 

(2) iJ°'i^(M, J") = and 

(3) dim H'{M,J-) = ff {closed Reeb orbits of a}. 

If not further specified, cohomology is taken with real coefficients. Part (1) of this 
theorem was originally proven by Rukimbira (Theorem 2 of [29 , see also Theo- 
rem 7.4.8 of |8]). We remark that contact toric manifolds of Reeb type are examples 
of if-contact manifolds with isolated closed Reeb orbits (see Proposition [73|). 

Because the powers of the basic Euler class da are nonzero elements oi H*{M, F), 
part (3) of the above theorem gives a new proof of the following result by Rukimbira 
(Corollary 1 of [15]) • 

Theorem. The Reeb flow of a has at least n + 1 closed orbits. 

The next theorem characterizes /^-contact manifolds with minimal number of 
closed Reeb orbits. 

Theorem. // the closed Reeb orbits of a are isolated, then their number is exactly 
71 + 1 if and only if M is a real cohomology sphere. 

The only-if-part of this theorem improves a result of Rukimbira (Theorem 1 of [30)1. 

In Section [8] we provide an example of a 7-dimensional simply-connected real 
cohomology sphere not homeomorphic to 5*^ with a if-contact structure such that 
the closed Reeb orbits are isolated. This serves as a counterexample to Theorem 1 
of Rukimbira [JT] (quoted in Theorem 7.4.7 of [S]) which claims that a ii'-contact 
(2n-K l)-manifold with exactly n + 1 closed Reeb orbits is finitely covered by S'^"^^. 

1.3. GKM theory. In Section[S]we will show that a version of GKM theory [TS] 
applies to Cohen-Macaulay actions and thus in particular to the above T-action on 
if-contact manifolds. This allows to compute the equivariant cohomology H^{M) 
as a graded 5'(t*)-algebra. These results show that as in the case of Hamiltonian 
actions on symplectic manifolds, there is a strong link between the topology of 
if-contact manifolds and their equivariant cohomology. 
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2. if-CONTACT MANIFOLDS 

2.1. Fundamentals. Let M be an odd-dimensional compact manifold with a con- 
tact form a and a Riemannian metric g. The Reeb vector field i? of a is charac- 
terized by the conditions a{R) — 1 and Lfida = 0. The Reeb flow of a is the flow 
generated by R. The Reeb flow of a leaves a invariant. 

Definition 2.1. A Riemannian metric g on (M, a) is said to be adapted to a if 

(1) g is preserved by the Reeb flow of a and 

(2) there exists an almost complex structure J on kera such that we have 
g{X,Y) = da{X, JY) for aU A, Y in C°°(kera). 

We recall 

Definition 2.2. {M,a,g) is called a K -contact manifold if g is adapted to a. 

A compact A-contact manifold has a natural torus action: The closure T of the 
Reeb flow in the isometry group Isom(Af, g) of (Af, g) is a connected abelian Lie 
subgroup. As Isom(M, g) is compact by the Myers-Steenrod theorem [26j, so is T, 
which implies that T is a torus. 

Definition 2.3. The rank of (Af, a, g) is the dimension of T. 

The rank of a compact A-contact (2n-|-l)-manifold (Af, a, g) is bounded from above 
by 71-1- 1 (see Corollary 1 of Rukimbira [H])- Because the Reeb flow preserves a, the 
T-action preserves a by continuity. Note that T as a subtorus in the diffeomorphism 
group of M is independent of the choice of g. The following observation due to 
Yamazaki characterizes contact forms which have a compatible A-contact structure 
in terms of torus actions: 

Proposition 2.4 ( 35, Proposition 2.1]). The following are equivalent for a compact 
manifold M with a contact form a: 

(1) (Af , a) admits a metric adapted to a, 

(2) the Reeb flow of a preserves a Riemannian metric on M and 

(3) there exists a torus action on M such that the Reeb flow of a is a dense 
subaction of the torus action. 

Example 2.5. Main examples of A'-contact manifolds are Sasakian manifolds. 
They include contact toric manifolds of Reeb type (see below for the definition and 
see Theorem 5.2 of Boyer-Galicki for the existence of a Sasakian metric) and links 
of isolated singularities of weighted homogeneous polynomials (see Chapters 7 and 9 
of [8] and references therein). 

Definition 2.6. A (27i-|-l)-dimensional contact manifold with a T"+^-action which 
preserves the contact structure is called a contact toric manifold (see Lerman 2D]). 
Moreover, if the Reeb vector field of a contact form generates an R-subaction of 
the r"+^-action, then the contact T^'^^-manifold is called a contact toric manifold 
of Reeb type (see [6]). 
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2.2. Deformation of Reeb vector fields. For later use, let us state some results, 
Proposition 1 of Banyaga-Rukimbira [3] and Lemma 2.5 of [57], that enable us to 
modify a iiT-contact structure by deforming its Reeb vector field in some torus. 
These are if-contact variants of Theorem A of Takahashi for Sasakian manifolds 
(note that if-contact manifolds are defined in a different and nonstandard way in 

Lemma 2.7. Let (M,a,g) be a compact K -contact manifold. 

(1) Let T' be an -subgroup of T whose orbits are transverse to kera. Then 
M has a K-contact structure {a' ,g') such that the closure of the Reeb flow 
of a' in Isom(M, (7') is equal to T' . 

(2) Let T' be a torus in Diff(M) which contains T and acts on M preserving 
a. Then M has a K-contact structure [a',g') such that the closure of the 
Reeb flow of a' in Isom(M, 17') is T' . 

Proof. Let us prove (1). Let Z be a vector field on M which generates the T'-action. 
The transversality of Z to kera implies that a{Z) is a nowhere vanishing function. 
Then a' — ■^z)'^ '^^ ^ contact form whose Reeb vector field is Z. Then (1) follows 
from Proposition [231 

Let us prove (2). We take a fundamental vector field Z of the T'-action suffi- 
ciently close to the Reeb vector field of a so that the flow generated by Z is dense 
in T' . By compactness of M, the orbits of the flow generated by Z are transverse 
to kcra. Letting a' = ^^^^ a, we get a contact form a' whose Reeb vector field is 
Z. Then Proposition 12.41 concludes the proof of (2). □ 

Remark 2.8. In Lemma [2.71 (1), if Z is sufliciently close to the Reeb vector fleld, 
then the orbits of the T'-action are transverse to ker a by compactness of M. 

3. Transverse actions on foliated manifolds 

In this section, let us recall the deflnition of transverse actions on foliated man- 
ifolds introduced in [14j . 

Let be a foliation of a manifold M. By S(J^) we denote the space of differen- 
tiable vector fields on M that are tangent to the leaves of J^. A vector field X on 
M is said to be foliate if for every Y £ 2(J^) the Lie bracket ^1 also belongs 
to S(J^). A vector field is foliate if and only if its flow maps leaves of F to leaves 
of F, see Proposition 2.2 of Molino [23] • The set L{M,F) of fohatc fields is the 
normalizer of S(J^) in the Lie algebra S(M) of vector fields on M and therefore a 
Lie sub-algebra of S(M). We call the projection of a foliate field X to TMjTT a 
transverse field. The set 1{M,F) = L{M, T)/'B{F) of transverse fields is also a Lie 
algebra inheriting the Lie bracket from L{M,JF). 

Definition 3.1 ([14, Definition 2.1]). A transverse action on the foliated manifold 
(M, F) of a finite-dimensional Lie algebra g is a Lie algebra homomorphism g — >■ 
l(M, F). 

Given a transverse action of g, we will denote the transverse field associated to 
X S g by X"^ G ^(M, F). li F is the trivial foliation by points, this notion coincides 
with the usual notion of an infinitesimal action on the manifold M . 

Let us now return to X-contact manifolds. Denote by F the orbit foliation of 
the Reeb flow on a if -contact manifold (Af, a, g). This is the Riemannian foliation 
defined by the isometric flow generated by R (see Carriere [lO]). By the commuta- 
tivity of T, the T-action preserves F. Hence there is a canonical map 

(3.1) a:=t/Mi? — >1{M,F). 

This defines a transverse action of the abclian Lie algebra a on (Af , F) . 
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Because T is the orbit foliation of an isometric flow, its Molino sheaf is trivial by 
Theoreme A of Molino-Sergiescu [3S] (i.e., is a Killing foliation), which we may 
identify with a by Example 4.3 of p^. Note that in J14j the Lie algebra o is called 
the structural Killing algebra of T . 

4. EQUIVARIANT COHOMOLOGY 

4.1. g-differential graded algebras and the Cartan model. In this section, 
we recall the Cartan model of equivariant cohomology in the language of differential 
graded algebras. 

Definition 4.1. Let g be a finite-dimensional Lie algebra and A = ^ Ak a. Z- 
graded algebra. We call A a q- differential graded algebra (Q-dga) if there is a 
derivation d : A ^ A of degree 1 and derivations lx : A ^ A oi degree — 1 
and Lx : A — > yl of degree for all X e g (where tx and Lx depend linearly on 
X) such that: 

(1) d^=0 

(2) 4=0 

(3) [Lx,Ly] L[x,Y] 

(4) [Lx,i.y] = 

(5) [d, Lx] - 

(6) Lx = dix + Lxd. 

Example 4.2. An infinitesimal action of a finite-dimensional Lie algebra g on a 
manifold M, i.e. a Lie algebra homomorphism g — >■ S(M); X i— > X^^, induces a 
g-dga structure on the de Rham complex 51(M) with operators ix '■— i-x* and 
Lx '■= Lx#- 

The Cartan complex of A is defined as 

C,{A) {S{q*)®AY- 

Here the superscript denotes the subspace of g-invariant elements, i.e., those w S 
S{q*) (E) a for which Lxoj = for all X G g. The differential dg of the Cartan 
complex Cg {A) is defined by 

{dgL,)iX) = diijiX)) - Lxi0j{X)), 

where we consider an element in Cg{A) as a g-equivariant polynomial map q ^ A. 
Now the equivariant cohomology of the g-dga A is defined as 

HliA) :=H'iCgiA),dg). 

There is a natural S'(g*)3-algebra structure on H'{A). 

4.2. Equivariant cohomology of Lie group actions. Let G be a compact con- 
nected Lie group acting on a manifold M. Let g be the Lie algebra of right- 
invariant vector fields on G. Then the G-action induces a Lie algebra homomor- 
phism g ^ E{M), and hence the structure of a g-dga on the algebra of differential 
forms n{M), see Example 14.21 The equivariant cohomology of the G-action is 

H'aiM) = H'giniM)). 

This so-called Cartan model of equivariant cohomology is isomorphic to the Borel 
model (which is defined for more general spaces than manifolds) 

H^iM) = H'{EG XgM), 

where EG is a contractible space on which G acts freely. Unless otherwise stated, 
cohomology is taken with real coefficients. 
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The G-action is called equivariantly formal if 

H^{M)^ S{g*f <»H'{M) 

as graded S'(g*)'^-niodules. 

4.3. Equivariant basic cohomology. Let be a foliation on a manifold M. A 
differential form ui e is F -basic if lxi^ = and LjfW = for all X e S(J^). 

We denote the algebra of basic differential forms by Vl{M,!F). For X G 1{M,J^), 
Lx and Lx are well-defined derivations on 

Proposition 4.3 ( |141 Proposition 3.12]). A transverse action of a finite- dimen- 
sional Lie algebra q on a foliated manifold {M, J-) induces the structure of a Q-dga 
on n{M, F). 

Definition 4.4 ( JA, Section 3.6]). The equivariant basic cohomology of a trans- 
verse g-action on (M, F) is defined as 

hi{m,f) = h;{q{m,f)). 

The g-action is called equivariantly formal if 

H;{M,T) ^ S{5*Y ® H'{M,T) 
as graded S'(0*)S-modules. 

The notion of equivariant formality of transverse actions is analogous to that of Lie 
group actions. 

5. Equivariantly formal and Cohen-Macaulay actions 

It is proven in Proposition 5.1 of Franz-Puppe [T^ (see also Definition (4.1.5) 
of Allday-Puppe [T]) that for any action of a torus T on a compact manifold M 
the (KruU) dimension of the S'(t*)-module H*{M) is equal to the dimension of a 
maximal isotropy algebra (i.e., the Lie algebra of an isotropy group). 

Definition 5.1. The T-action is said to be Cohen-Macaulay if H!^{M) is a Cohen- 
Macaulay module over S{t*), i.e., if dim^i-^.) H^{M) equals depthg^j*-, H^{M). 

The depth of a finitely generated graded 5(t*)-module is always bounded from 
above by its dimension. 

Example 5.2. Any locally free torus action is Cohen-Macaulay. In fact, the di- 
mension of a maximal isotropy algebra is zero, which forces the depth of iJ^(M) 
to be zero as well. 

If the T-action is equivariantly formal, then H^{M) is a free S'(t*)-module and 
in particular Cohen-Macaulay. In fact, Cohen-Macaulay actions were introduced 
in |13] as a generalization of equivariantly formal actions. More precisely we have 

Proposition 5.3 f |13l Proposition 6.2]). The T-action is equivariantly formal if 
and only if it is Cohen-Macaulay and has fixed points. 

Proposition 5.4 ([131 Remark 2]). Let T' C T be a subtorus maximal among those 
subtori acting on M locally freely. Then H!^{M) = H!^^rp,{M/T') as graded rings. 
The T-action on M is Cohen-Macaulay if and only if the T /T' -action on AL/T' is 
equivariantly formal. 
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6. The contact moment map and equivariant cohomology 

Let (M, a, g) be a compact connected iiT-contact manifold with Reeb vector field 
R. Let T be the closure of the Reeb flow in lsom{M,g). Then T is a torus with 
R G t = Lie(T). Denote by C the union of the closed Reeb orbits. Clearly, C 
coincides with the union of all one-dimensional T-orbits. We recall 

Definition 6.1. The contact moment map of {M,a,g) is given by 

$:A/^t*; ^p){X) ^ ap{X*). 

For each X £ t, we may consider the X-component — ^{p){X) of $. 

Remark 6.2. The T-equivariant differential drct G C^{ft{M)) of the contact form 
a is given by 

{dTQ:){X) — da ~ Lx*OL 

where X d i. From this point of view, the (negative of the) contact moment map 
<^{X) = bx#oi can be viewed as the (S'(t*)(8)C°°(M))-part of an equivariantly exact 
extension of the exact form da. This is comparable to the case of a Hamiltonian 
action on a symplectic manifold, in which the moment map is the (5(t*)(8)C°°(M))- 
part of an equivariantly closed extension of the symplectic form, see for example 
Proposition VL 2.1 of Audin [g. 

Proposition 6.3. For generic X in i (as defined in the proof), the function 
is a T -invariant Morse-Bott function with critical set C . 

This proposition is well-known, see for example Section 2 of [30]. For the conve- 
nience of the reader we include a proof that the critical set is exactly C. For the 
nondegeneracy of the Hessian in normal directions, see Lemma 1.(2) of |30| . 

Proof. If the rank of (M, a) is one, then t is spanned by the Reeb vector field, and 
the function $^ is constant. Because in this case C — M the statement follows 
trivially for all X in t (and we call any element X in i generic) . 

Assume that the rank of (M, a) is greater than one. For each p S M, let 
tp {X E t I X^ E M.Rp}. Clearly, ip — tp Q) M.R, so there are only finitely many 
distinct subspaces tp C t. We have tp = t if and only if p is contained in a closed 
Reeb orbit. We say that X in t is generic if 

Xi [j ip. 

We claim that if X is generic, then the critical set of <i>^ is C. The following 
argument is due to Lemma 2.1 of 4j. We have 

id'f'')p{v) = -{da)p{X*,v) 

for all V € TpM. Because {da)p is nondegenerate on TpM/lRRp, the critical set of 
is equal to {p E M \ X* E RRp}. By definition of X, this set is C. □ 

Corollary 6.4 (Banyaga 3 , Rukimbira pSj). The Reeb flow of a has closed orbits, 
i.e., C^%. 

In the following we apply the theory presented in [13] and [Tl] to Proposition l6.3l 
Theorem 6.5. The T-action on M is Cohen- Macaulay. 



Proof. If the rank (M, a) is one, then T is a circle acting locally freely, hence the 
action is Cohen-Macaulay by Example 15.21 The general case follows directly from 
Theorem 7.1 of \TT and Proposition 16.31 □ 
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Remark 6.6. Let C T be a circle whose orbits are transverse to kera. By 
Lemma [^771 fl). we have a i^-contact structure {a',g') whose Reeb flow is given by 
S^. The two- form da' is S'^-basic and thus descends to the orbifold M/S^ thereby 
turning it into a symplectic orbifold. The contact moment map $ : M — ^ I*; p i— >■ 
descends to a moment map for the T/S'^-action on M/S^. Then, by Proposition l5.4l 
the T-action on M is Cohen-Macaulay if and only if the T/S'^-action on the orbifold 
M/ is equivariantly formal. Therefore, if there existed an orbifold version of the 
classical result of Kirwan (Proposition 5.8 of [H]) that Hamiltonian actions on 
compact symplectic manifolds are equivariantly formal, it would also give a proof 
of Theorem 16.51 

Lemma [^771 (2) and Theorem 16.51 imply: 

Corollary 6.7. Any a-preserving effective torus action on M that has R as a 
fundamental vector field is Cohen-Macaulay. 

Let T be the orbit foliation of the Reeb flow, which is Riemannian. We consider 
the transverse action of o = t/Mi? on the foliated manifold (Af , J^) (see Definition l3.1l 
and Equation (|3.ip V 

Theorem 6.8. The a-action on {M,J^) is equivariantly formal, i.e., we have 
H'{M,T) ^ S{a*) (g) H*{M,T) as graded S {a*) -modules. 

Proof. This follows from Theorem 6.3 of [2] and Proposition [^31 D 

Remark 6.9. In view of the equality 

(6.1) H't{M)=H:{M,T) 

as graded rings shown in Example 4.3 of T4^, the statements of Theorems 16.51 
and 16.81 are equivalent. In fact, because the Riemannian foliation J- has closed 
leaves by CoroUarv 16.41 the Cohen-Macaulay property of H^(M) is equivalent to 
equivariant formality of the o-action, see Example 7.5 of [14 . 

Proposition 6.10 ([T31 Theorem 6.4]). For generic X in t, the function is 
a perfect basic Morse-Bott function (with critical set C). More precisely: The 
basic Poincare series Pt{M,T) given by Pt{M,!F) = P dim {M, T) can be 
calculated as 

Pt{M,r) = Y,t^^Pt{B/T), 

B 

where B runs over the connected components of C, the leaf space of (B,J-\b) is 
denoted by BjJ- and Xb is the index of at B. 

Remark 6.11. Note that is also T-equivariantly perfect and a-equivariantly 
basic perfect, but not necessarily perfect in the ordinary sense. For example, take 
the if-contact structure of rank 2 on considered in Example 4.4 of [14 , which is 
obtained by deforming the standard if -contact structure on using Lemma 12.71 
The two critical manifolds are circles, so cannot be perfect. 

Remark 6.12. In view of Proposition [7791 below. Proposition 16.101 can be proven for 
isolated closed Reeb orbits using Lerman-Tolman [35], Remark 5.4. 

7. Implications for the topology of the Reeb flow 

We will apply Theorems 16.51 16.81 and Proposition 16.101 to obtain various conse- 
quences on the topology of iiT-contact manifolds, in particular in the case where 
the closed Reeb orbits are isolated. First, we present well-known examples of K- 
contact manifolds whose closed Reeb orbits are isolated. For a representation V 
of a fc-dimcnsional torus T*^, let be the weight space of V corresponding to a 
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weight fi. If fii are the weights of a T-representation V, then V = V^^ . The 
following is well known; 

Lemma 7.1. Any faithful -representation V of dimension 2k has exactly k 
weights /ii, . . fik- They are linearly independent and their weight spaces are 
two-dimensional. 

Proposition 7.2. Every closed Reeb orbit of a compact K-contact {2n+l) -manifold 
(M, a, g) of rank n + \ is isolated. 

Proof. Let a; be a point in a closed Reeb orbit of a. The identity component of the 
isotropy group at x effectively acts on (kera)^;. By Lemma mi the fixed point 
of the Ta;-action on (kera)^; is only 0. This implies that the closed Reeb orbit of x 
is isolated. □ 

Lemma [2 .71 (2*1 and Proposition 17.21 imply the following well-known result: 

Proposition 7.3. Any compact toric contact (2n+ l)-manifold of Reeb type has a 
K-contact structure of rank n + 1 such that every closed Reeb orbit is isolated. 

Below we will use the notation from Section [51 The following is one of the main 
results in this paper: 

Theorem 7.4. Assume that the closed Reeb orbits are isolated. Then we have 
H°'^^{M,F) = and consequently, H^{M) = 0. Also, H°'^'^{M,T) = 0. 

Proof. For each connected component B of the union C of closed Reeb orbits, we 
have Pt{B/T) = 1. Moreover, the unstable normal bundles are invariant under the 
action of isotropy groups and hence of even rank. Then H°^^{A1,F) = follows 
from Propositions 16 . 31 and 16. lOl By the Gysin sequence for an isometric flow see 
Saralegui [32] or Equation (7.2.1) in p. 215 of [81, we have H^{M,T) ^ H^{M), 
which proves the second assertion. H°'^'^{M,F) = and Theorem 16.81 implv the 
last assertion. □ 

Remark 7.5. In Theorem 2 of [29], Rukimbira showed that H^{M) — if the closed 
Reeb orbits are isolated and M is a Sasakian manifold. As stated in Theorem 7.4.8 
of [S], his proof can be extended to show H^{M) = under the assumption of 
Theorem 17.41 in the i^T-contact case. 

Remark 7.6. Theorem 17.41 follows also from Theorem 16.81 and the Borel-type Lo- 
calization Theorem for equivariant basic cohomology (Theorem 5.2 of |14)): Be- 
cause the a-action is equivariantly formal by Theorem 16. 8[ iJ* (Af, J") is a torsion- 
free S'(a*)-module, and so the natural restriction map H'{M,J^) — H*{C,J^) = 
0^ S{a*) is injective, where B runs over the connected components of C. The 
right hand side has no elements of odd degree, which implies H°'^'^{M,J') = and 
hence by Theorem [6J] also H°'^'^{M,T) = 0. 

Corollary 7.7. If C T is any circle acting locally freely on M, then the T/S^- 
action on the orbifold M / is equivariantly formal. 

Proof. This follows directly from Theorem 16.51 and Proposition 15.41 because the 
r/S^-action has fixed points. □ 

Remark 7.8. When the orbits of the S'^-action are transverse to the contact struc- 
ture ker a, the S'-'^-action is the Reeb flow of a ii'-contact structure by Lemma [277l fl). 
In this case, the T/S^-action on M /S*^ is a Hamiltonian torus action on a symplectic 
orbifold. Thus Corollarv 17.71 provides examples of equivariant formal Hamiltonian 
torus actions on symplectic orbifolds. 
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Proposition 7.9. If C T is any circle acting locally freely on M, then H'{M,F) 
and H*{M/S^) are isomorphic as graded vector spaces. 

Proof. We have isomorphisms 

(7.1) h:{M, F) - H't(M) = H'^,s^ {MIS') 

as graded rings, see (I6.ip and Proposition 15.41 Furthermore, both the transverse 
action of o as weU as the T/S'^-action on M/S' are equivariantly formal by Theo- 
rem [HSl and CoroUarv l7.71 hence the Poincare series of the graded vector spaces in 
(|7.ip are given by 

Pt{S{a*)) ■ Pt{M,F) = Pl{M,F) 

= Pr^\M/S') = Pt(5((t/M)*)) • Pt{M/S'). 

Because o and t/R are vector spaces of the same dimension, this imphes that the 
Poincare polynomials Pt{M,F) and Pt{M/S') coincide. □ 

Example 7.10. Let [X^uj) be a closed symplectic manifold such that [uj] e H'^(X) 
is integral. By the Boothby-Wang construction [5|, we have a principal S'^-bundle 
tt: M — >■ X with a contact form a which satisfies da = 7r*uj and whose Reeb flow is 
the principal S'^-action. By Proposition 12.41 we have a i^-contact structure {a,g) 
on M. For any ii'-contact structure {a',g') on M obtained by applying Lemma [^771 
(2) to {a,g), the basic cohomology of the orbit foliation of the Reeb flow of a' is 
isomorphic to H*{X) by Proposition[Ll Thus TheoremOimplies that ifH°'^''{X) 
is nontrivial, then we cannot deform the Reeb vector field of a by Lemma [^771 (2) to 
obtain a K-contact structure on M whose Reeb flow has only isolated closed Reeb 
orbits. 

Theorem 7.11. We have dimH*{C/T) = dimH*{M,J'). In particular, in case 
the closed Reeb orbits are isolated, their number is given by dim _ff * (M, J^) . 

Proof. This is Theorem 5.5 of [14 (which is a consequence of Theorem 5.2 of [14], 
the Borel-type Localization Theorem for equivariant basic cohomology) as we have 
proven in Theorem 16.81 that the a-action on ( Af , is equivariantly formal. Alter- 
natively, one may use Proposition l7.9l and apply Corollary 2 in p. 46 of Hsiang [TB] 
because T/S' acts equivariantly formally on M/S' by Corollary [7771 and the T/S'- 
fixed point set is exactly C/J^. □ 

In the case where (M, a, g) is a contact toric manifold of Reeb type, Corollarv l7.11l 
implies that dim H* (M, J^) is equal to the number of vertices of the image of the 
contact moment map (see Example 19. 23p . 

In the next corollary we give a new proof of a result by Rukimbira. Let dim M = 
2n + l. 

Corollary 7.12 ('29'). The Reeb flow of a has at least n + 1 closed orbits. 

Proof. We may assume that the closed Reeb orbits are isolated, as otherwise there 
exist infinitely many. Let [da] € II^{M,J-) be the basic Euler class of {M,F) 
(see [31]). Since a is a contact form, [{da)^] is nontrivial in H^'^{M,F) for 1 < 
k < n. Thus we have dim H' (M , > n + 1. Then Theorem 17.111 concludes the 
proof. □ 

Corollary 7.13. // the Reeb flow of a has exactly n + 1 closed orbits Bq, Bi, . . ., 
Bn, then 

(1) H'(M, ^ R[z]/{z"^') as graded rings, where z is an element of degree 2 
which corresponds to the basic Euler class of (M, T) . 
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(2) For generic X in i the component <i>^ of the contact moment map satisfies 
Crit($''^) — |J"^Q Bi, and each of the numbers 0, 2, . . 2n appears exactly 
once as the index at a critical closed Reeb orbit. 

Proof. Let Aa be the subring of H'{M,T) generated by the basic Euler class [da]. 
We get dim = n + 1, because 

(7.2) A„=M[z]/(z"+i) 

as graded rings where degz — 2. On the other hand, dim iJ * (Af, J^) = n + 1 by 
the assumption and Theorem 17.111 Thus H'{M,T) — Aa, which proves (1). By 
Proposition 16.31 the component $^ of the contact moment map is for generic X a 
perfect basic Morse-Bott function with Crit($^) = UlLo^*- Proposition 16. 101 and 
(rr2)) imply the latter claim of (2). □ 

Remark 7.14. Corollary 17.131 can also be shown by Remark 5.4 of [H] as follows: 
with the help of Lemma [2.71 (1) and Remark 12.81 we obtain a i^T-contact structure 
{a',g') so that the Reeb vector field Z of a' generates an S'^-action. Then M/S^ 
is a symplectic orbifold with a Hamiltonian function a'{Z). Since the closed Reeb 
orbits of a are isolated, the critical points of a'{Z) on M/S-^ are isolated. Then, by 
Remark 5.4 of [22j, the number of critical points of a'{Z) is equal to dim H' [M / S^) . 
On the other hand, this number is exactly n + 1 by assumption, so H' [M / S^) has 
to be generated by the class of the symplectic form. Again by Remark 5.4 of f^ . 
this implies that each of the numbers 0, 2, . . ., 2n appears exactly once as the index 
of a'{Z). 

The only- if part of the next theorem is a strengthening of Theorem 1 of (3D] . 

Theorem 7.15. If {M,a, g) is a compact K-contact (2n+l) -manifold whose closed 
Reeb orbits are isolated, then their number is exactly n + 1 if and only if M is a 
real cohomology sphere. 

Proof. Assume that the Reeb flow of a has exactly n + 1 closed orbits. By Theo- 
rem [7j31 the basic cohomology H*{M,T) vanishes in odd dimensions. This implies 
that the Gysin sequence of the isometric flow J", see [35] or Equation (7.2.1) in 
p. 215 of [5], splits into short exact sequences 

where 6 is multiplication with the basic Euler class. By Corollarv l7.13l H* {M, F) is, 
as a ring, generated by the basic Euler class, which implies that 5 is an isomorphism 
for fc < ri. Thus, M is a cohomology sphere. 

Conversely assume that M is a real cohomology sphere with a i^T-contact struc- 
ture whose closed Reeb orbits are isolated. Then the Gysin sequence of F implies 
that H*{M,T) is generated by the basic Euler class. So Theorem 17. 1 II implies that 
the Reeb flow of a has exactly n + 1 closed orbits. □ 

8. A REAL COHOMOLOGY 7-SPHERE WITH MINIMAL NUMBER OF CLOSED ReEB 

ORBITS 

Theorem 1 of Rukimbira |31] claims that a compact iiT-contact manifold of di- 
mension 2n + 1 with exactly n + 1 closed Reeb orbits is finitely covered by 5^"+^. 
This would be a strengthening of the only-if part of Theorem 17.151 but it is not 
correct as the following counterexample shows. 

Consider S0(3) embedded in S0(5) as h x S0(3), where h is the (2 x 2) identity 
matrix. The Stiefel manifold 



V2(R^) = SO(5)/SO(3) 
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is an example of a simply-connected real cohomology 7-spliere which is not home- 
omorphic to 5^: The integral cohomology of V2(IR^) was computed in Satz 5 of 
Stiefel [33] as 

fZ, J =0,7, 
i7^ (V2(M^);Z) = <^ Z/2Z, j = 4 

[o, j 7^ 0,4, 7. 
The homotopy exact sequence of the fiber bundle 

^ S0(4)/ S0(3) ^ SO(5)/(l2 X S0(3)) 



S0(5)/(li X S0(4)) = 

implies 7ri(V2(M^)) = 1. 

We will construct a _ft'-contact structure on V2(IR^) with exactly 4 closed Reeb or- 
bits. First of all, V2(M^) admits a homogeneous if-contact structure (see, for exam- 
ple. Theorem 5.2 of Boyer-Galicki-Nakamaye ^7 ) which we now explicitly describe. 
The group S0(5) x S0(2) acts on V2(M5) = SO(5)/SO(3) by {g,h)-[A] = [gAh-^], 
where we identify S0(2) with S0(2) XI3. This action is isometric with respect to the 
Riemannian metric g that is induced by a bi-invariant metric on SO (5). The Stiefel 
manifold Y2{M.^) is a principal S-i-bundle over GJ(R5) = SO(5)/(SO(2) x S0(3)), 
the Grassmannian of oriented two-planes in , where the structure group is given 
by the natural right action of S0(2) on V2(M^) = SO(5)/SO(3). Let R be the 
fundamental vector field of this SO(2)-action of unit length. 

Lemma 8.1. The 1-form a g{R, •) on V2(M"'^) is an (S0(5) x SO (2)) -invariant 
contact form with Reeb vector field R. 

Proof. Let Eij for 1 < i,j < 5, i ^ j, be the (5 x 5)-matrix with all entries zero 
except 1 at the ij-entry and —1 at the jz-entry. Note that Eij = —Eji. Then the 
Lie algebra so(5) of left-invariant vector fields is spanned by the Eij. We choose 
the bi-invariant metric on so (5) such that the Eij are of unit length. 

The vector field R on V2(]R^) is S0(5)-invariant and therefore determined by 
its value at the origin, which is E12 (up to sign). We identify the S0(5)-invariant 
differential forms on V2(1R^) = SO(5)/SO(3) with the S0(3)-basic subcomplex of 
A*so(5)*. Using the Lie bracket relations of the Eij, namely 

(8.1) [Eij,Eki] — 0, [Eij,Eik] = Ekj 

for pairwise distinct indices i, j, k and I, one calculates directly that EI2 is S0(3)- 
basic. Therefore it corresponds to a under this identification. By (jS.ip . we compute 

5 

da = Y,E*ik^E;^, 

k=3 

thus a A (da)^ is a multiple of the volume form. □ 

Let r3 = (S0(2) X S0(2) x Ii ) x S0(2) be a maximal torus in (S0(2) x 
S0(3)) X S0(2) C S0(5) X S0(2). The T^-action on V2(IR^) has four isolated 
one-dimensional orbits, which correspond to the four isolated fixed points of the 
T2 = rV(l5 X SO(2))-action on G^{R^) = V2(M^)/(l5 x S0(2)), namely the 
planes x x x and x x x 0, with both possible orientations. Since 
the T^-action on ¥2(18.^) preserves a, we get a (nonhomogeneous) iiT-contact struc- 
ture {a',g') on V2(M^) such that the closure of the Reeb fiow of a' is equal to 
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by Lemma [2.71 (2). Then the closed Reeb orbits of a' are exactly the four one- 
dimensional r"^-orbits. Thus (V2(IR^), a', g') satisfies the assumption of Theorem 1 
of [31] . whereas it is not finitely covered by S"^ as we mentioned in the second 
paragraph of this section. 

Remark 8.2. We counted all the closed Reeb orbits of a' explicitly above. Alter- 
natively, we can apply Theorem 17.151 to show that the number of the closed Reeb 
orbits of a' is 4 after showing the closed Reeb orbits of a' are isolated, because 
V2(R^) is a real cohomology 7-sphere. 

Remark 8.3. if-contact 3- manifolds whose closed Reeb orbits are isolated are of 
rank 2. Thus they are contact toric 3-manifolds of Reeb type, which are diffeomor- 
phic to lens spaces by Theorem 2.18 of jJD]. Hence Theorem 1 of 1 is correct for 
dimension 3. We do not know if there exists a counterexample of dimension 5. 

9. GKM THEORY FOR if-CONTACT MANIFOLDS 

9.1. Introduction. 

9.1.1. Overview of GKM theory and our result. Consider a Cohen-Macaulay action 
of a torus T on a compact connected orientable manifold M, and denote by b the 
lowest occurring orbit dimension. For every z, we let 

Mi ^ {pe M I dimTp < i}. 

Because the action is Cohen-Macaulay, the Atiyah-Bredon sequence is exact by 
Theorem 6.2 of [13] (see Main Lemma of Bredon for the equivariantly formal 
case). We will only make use of exactness at the first terms 

(9.1) ^ H^iM) ^ H^{Mb) A H^iMb+i,Mb), 

where 6 is the boundary operator of the long exact sequence in cohomology of the 
pair (Mf,+i, Afh). Exactness of (j9.ip implies that 

Proposition 9.1. H!^{M) = keiS as graded S{i*)- algebras. 

Note that this Proposition is a version of the so-called Chang-Skjelbred Lemma 
(Lemma 2.3 of [H]). As in usual GKM theory [TS], Proposition 19. II allows to give 
an explicit and calculable formula for the S'(t*)-algebra H^{M) under additional 
assumptions on the action. Such a formula was first derived by Goresky-Kottwitz- 
MacPherson (Theorem 7.2 of [15p for equivariantly formal group actions with iso- 
lated fixed points satisfying an additional assumption on the isotropy representation 
in the fixed points (see Definition 19. 17p . Guillcmin and Holm (Theorem 1.4 in [TB]) 
have dropped the assumption of isolated fixed points for Hamiltonian torus ac- 
tions. Here we will show how to adopt the original proof of the GKM theorem 
(Theorem 7.2 of [15]) to treat the if-contact and the Hamiltonian setting (both 
with possibly nonisolated bottom stratum) at the same time. 

For symplectic manifolds with Hamiltonian torus actions satisfying the noniso- 
lated GKM conditions (see below), the connected components of the fixed point 
set are diffeomorphic (Theorem 1.3 (a) of [H]). For if -contact manifolds. Mi is 
equal to the union C of all the closed Reeb orbits. In Section [9T2] we will present 
an example of a if-contact manifold such that the connected components of C are 
not diffeomorphic; however we will see in Lemma [9.91 that their T-orbit spaces are 
diffeomorphic as orbifolds. 
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9.1.2. Circle bundles over Hirzebruch surfaces. We present an example of a K- 
contact manifold such that two connected components of the union of closed Reeb 
orbits are of codimension 2 and not diffeomorphic. 

We will construct if-contact structures on 5^-bundles over Hirzebruch surfaces 
explicitly, which can be obtained by the Boothby-Wang construction [5^. Define a 
1-form ttfc on S'^'^'^^ by 

Uk = ^{ZjdZj - ZjdZj)\s2k+l, 

where {zq, . . . ,Zk) are the standard coordinates of C'^"'""'^, and 5'^'^+-'^ is embedded 
into C'^+^ as the unit sphere. Let 

Pk-. 52*^+1 CP'' 

(zo,...,Zfc) I — > [zq : ... : Zk] 

be the Hopf fibration map. We get a symplectic form Wfc on CP'' called Fubini- 
Study form such that 

(9.2) dak = ploJk, 
which is normalized so that 

(9.3) f ujk^l 

JE 

for the generator E of i?2(CP''';Z) ^ Z which is represented by any complex line 
in CP'^ . Let m be a positive integer and 

X = {{[zo : zi], [wo : wi : W2]) G CP^ x CP^ | ti;^;^™ = ^2^^}- 
Let p = pixp2: X S^' ^ CP^ x CP^ and 

Y = p-Hx). 

Then p\y : Y ^ X is a principal T^-bundle obtained by the restriction of the Hopf 
fibrations. Define a 1-form ay on F C S*"^ x S*^ by 

ay — {mnlai + ■7T2a2)\y 

and a 2-form uj on X C CP^ x CP^ by 

(9.4) cj = {mTTiUJi + n2UJ2)\x 

where tti is the ^-th projection. As a smooth complex submanifold of the Kahler 
manifold CP^ x CP^, the 4-manifold {X,uj) is symplectic. It is called a Hirzebruch 
surface. By (|9.2p . we get 

(9.5) day = (p|y)*t^. 
Let p be the S'^-action on Y defined by 

A • (zq, zi,wo,wi,W2) = (Azo, Azi, A"™wo, A^^wi, A"™W2) 
for A e 5"^ C C and (zq, zi, wq, wi, W2) G F C x C^. Let 

M ^ Y/p. 

Here M is a principal 5 ^-bundle pm '. M ^ X over X , where the map pM is induced 
from p\y. Since ay is basic with respect to p, a 1-form a on M is induced from ay. 
We get da = p*mU) by (|9.5p . By the nondegeneracy of w, we have that ker da C TM 
is a rank 1 subbundle tangent to the fibers of the S'^-bundle pM : M ^ X. Because 
the restriction of a to each fiber of the S'^-bundle pA/ : M ^ X is nowhere vanishing, 
a is a contact form on AI . Since a is invariant under the principal S'^-action on the 
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S'^-bundle pm- M — > X, the Reeb flow of a is the principal S'^-action on AI. Let 
a be the S'^-action on S"^ x 5*^ defined by 

for A in 5"^ C C and {zq, zi,wo,wi,W2) in S*"^ x S*^ C x C''. Then Y is invariant 
under a. Since a commutes with p, an S'^-action aM on AI is induced from a. Here 
(Tm preserves a, because a preserves ay- Since the product of ctm and the Reeb 
flow of a defines an a-preserving T^-action on M, we have a ii'-contact structure 
{a',g') of rank 2 on M by Lemma 10(2'). 

We will see that the union C of closed Reeb orbits of a' has two connected 
components of codimension 2 in AI which are not diffeomorphic to each other. The 
fixed point set of the S'^-action on X induced from a has two connected components 

(9.6) Bi=Xn{wi^O}r\ {w2 = 0} = CP^ X {[1 : : 0]}, 

(9.7) B2=Xn{wo = 0}. 

Both Bi and B2 are complex projective lines. By (|9.3p . we get 



uj ^ ra I oji — m. 



Here B2 is the submanifold of CP^ x CP^ = CP^ x {wq = 0} which is the image of 
the map = (0i,02): CP^ ^ CP^ x CP^ defined by </.([l : z]) = ([z : 1], [1 : z"]). 
Then and (E^]) imply 



U! — (j)*uj — ml UJl + (f>2'^2 = m + m wi — 2m. 
B2 Jcpi Jcpi Jcpi Jcpi 

By the construction, C is a principal 5^-bundle over Bi U B2 whose Euler numbers 
are /g^ to = m and /g^ w = 2m, respectively. Since the S'^-bundle over S"^ with 
Euler number s is diffeomorphic to the lens space L(s, 1) of type (s, 1), we get a 
diffeomorphism 

C ^ L(m, 1) U L(2m, 1). 

Thus two connected components of C arc of codimension 2 and not diffeomorphic 
to each other. 

9.2. A GKM type theorem for Cohen-Macaulay torus actions. 

9.2.1. Assumptions on the torus action. Whereas our main interest hes in the K- 
contact case, we will show a GKM type theorem for general Cohen-Macaulay torus 
actions satisfying a certain topological condition (*) (see below) to clarify a general 
aspect of our argument. Consider a Cohen-Macaulay action of a torus T on a 
connected compact manifold M . Recall the notation M; = {p e M | dimTp < «}, 
and that h denotes the smallest integer such that AIi, ^ 0. 

Definition 9.2 ([16, Definition 1.2]). We say that the T-action satisfies the noniso- 
lated GKM condition if for each p in the weights of the isotropy representation 
of Tp on the normal space VpAIb are pairwise linearly independent. 

As written in [16], the nonisolated GKM condition is satisfied if and only if each 
connected component of Alt, is of codimension 2 in the closure of a connected 
component of Mf,_|_i — Alf,. Note that this closure is a connected component of an 
isotropy manifold: For any p in Alh^i — AIi, the closure of the connected component 
of Afh+i — All, containing p equals the connected component M'^'^ of 

A/'" ={qeAI\X*^0 for all X e tp} 

containing p. Here tp is the Lie algebra of the isotropy group Tp at p. 
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From now on, we assume that the Cohen-Macaulay T-action satisfies the non- 
isolated GKM condition and 

(*) For each closure of a connected component of M^+i — Mt, there exists a 
T- invariant Morse-Bott function Hn on N such that Grit (/i at) = N Ci Mb. 
These two conditions have strong topological consequences as in [TB] (see Re- 
mark [9?8l and Lemma l93|) . 

Remark 9.3. If M is a compact if-contact manifold, then the action of the closure 
T of the Reeb flow on AI is Cohen-Macaulay by Theorem 16.51 We will see below 
in Proposition 19. 161 that this T-action always satisfies (*). 

Remark 9.4. It is easy to see that Hamiltonian torus actions on compact symplec- 
tic manifolds satisfy (*). Hamiltonian torus actions are equivariantly formal by 
Proposition 5.8 of [12] and therefore Cohen-Macaulay by Proposition [531 

Remark 9.5. For i^-contact manifolds, Mi is the union of closed Reeb orbits. For 
isT-contact manifolds of rank 2, we have M = M2. Thus the nonisolated GKM 
condition is satisfied by a i^-contact manifold M of rank 2 if and only if each 
connected component of C is of codimension 2 in M. Hence the examples of K- 
contact manifolds in Section r9 . 1 .21 satisfv the nonisolated GKM condition. 

9.2.2. Definition of the GKM graph. The notation of Section 19.2.11 will be used. 
The nonisolated GKM condition and (*) allow us to define the GKM graph as 
in [TB] because of the following lemma. 

Lemma 9.6. Each closure N of M^+i — M^ contains exactly two connected com- 
ponents of Mf) whose Morse index is and 2, respectively. 

Proof. Let _Bi, _B2, ■ • •, -Bfe be the connected components of M\j contained in N. 
The nonisolated GKM condition implies that each Bi is of codimension 2 in N . By 
(*), we have Crit(/iAr) = |J*L]^ Bi. Since Hn is T-invariant, the index of at Bi 
is either or 2. Thus each Bi is a locally maximal point set or a locally minimal 
point set of hiq. Since the index of all the critical manifolds of hjsi are even, both 
the local maximum point set and the local minimum point set of ft. at are connected. 
Thus we have k — 2. The Morse index of the minimal point set is 0, and the other 
is 2. □ 

Let us define the GKM graph T = (V,£). 

Definition 9.7. We assign to each connected component of Mj, a vertex v G V. 
We denote the connected component of Mi, corresponding to v hy By. We assign 
to each connected component of iV/(,+i — Mf, an edge e £ £. We denote the closure 
of the connected component corresponding to e by Ng. An edge e g £ connects vi 
and V2 if By-^ and By.^ are the connected components of Mh contained in Ng. We 
denote the two endpoints of each edge e E £ hy s(e) and t{e). 

Remark 9.8. Because M is connected, exactness of ()9.ip implies that F is connected. 
In fact, the image of the injective map H!^{Mi,+i) — > H^(Mb) is the same as the 
image of H^{M) -> H^{Mb), which forces i?^(Mh_|_i) to be 1-dimensional. Hence 
Lemma 19.91 below implies that for every two connected components Bi and B2 
of Mb, the orbifolds Bi/T and B2/T are diffeomorphic (although Bi and B2 are 
possibly not). In particular, Bi and B2 are of the same dimension. 

9.2.3. Statement and proof of a GKM type theorem. We will use the notation of 
Section EXT] and the GKM graph F = (V,f) defined in Section I^X^ For e in 
£ let h = hN^ be a T-invariant Morse-Bott function as in Condition (*), with 
minimum value Zmin and maximum value Zmax- We assume that i?s(e) = /i~^(zmin) 

and Bf(e) = ^"^(Zmax)- 
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Lemma 9.9. (1) Bf(e) (resp. ^^(e)^ is a T-equivariant retract of Ne — i?s(e) 

(resp. Ne - 5t(e))- 

(2) For any z in {zmin, Zmax) there exist T-equivariant maps 

Pt{e) ■ -> 5t(e), Ps{e) ■ h'~'^{z) B s(e) 

which define T-equivariant -bundles and descend to orbifold diffeomor- 
phisms of the respective orbit spaces. 

Proof. Fix a T-invariant metric on N,, . By Lemma 19.61 is decomposed into a 
disjoint union of St(e) and a T-equivariant Z?^-bundle _D^(i?s(g)) — > -Bs(e) over Bs[e)- 
We can T-equivariantly retract Nf. — i3t(e) = D'^{Bs(e)) to -Bs(e)- Considering —h 
instead of h, we see that — Bg(^e) can be T-equivariantly retracted to B^,,)- This 
proves (1). For any zi, Z2 € (^^min, ^max), the gradient flow of h defines an equivari- 
ant diffeomorphism from h~^{zi) to h~^{z2). Thus level sets of h are concentric 
T-equivariant S'-'^-subbundles of T)^(i?s(e))- Therefore we get Ps(e) ■ h~^{z) — > i?s(e) 
for each z in (^min, -^max) by the restriction of the projection D^(Bg(^e)) ^ ^s(e)- 
Considering — instead of h, we get pt(e)- This proves (2). □ 

By Theorem 7.1 of [1.3,, Condition (*) implies that 

Lemma 9.10. For each e in £ , the T-action on is Cohen- Macaulay. 

Define 

By Lemma 19.91 we have T-equivariant S'^-bundlcs 

Ps{e) ■ Le > Bs(e), Pt{e) ■ > Bt(^e)- 

The proof of the following theorem is done by computing ker 5 in Proposition 19.11 
using the Mayer- Vietoris sequence as in the original proof of the GKM theorem 
(Theorem 7.2 of [TF). 

Theorem 9.11. If a Cohen- Macaulay action of a torus T on a connected compact 
manifold M satisfies the nonisolated GKM condition and (*), then 

as graded S{i*)- algebras where F — (V,£) is the CKM graph of AI . 
Proof. By (|9.ip . we have 

H^{M) ^ ker (H^iMb) ^ H^{Mi,+i, Mf,)) . 

Because 

H^{Mt+l,Mt) ^ ff^(iVe, U 

a tuple (/i,) £ H^{Mb) = 0^,gv H^{By) is in the kernel of 5 if and only if for each 
edge e € f the pair {fs{e)i ft{e)) is in the kernel of 

5: J?^(B3(e)) © H'T{B,^e)) ^ H'^+\Ne,B,(e) U Bt(,)). 
Let e £ £ and consider the following diagram, in which the top row is the exact 
sequence of the pair {Nf.,Bg(^e) U Bfi^e)) a-nd the bottom row is the Mayer- Vietoris 
sequence of the covering Ui = Ne — Bt^e): U2 = Ne — Bs{e) of Ne'. 



(9.8) ^ H^{N^) 9- H'{S,(,)) ® H*(St,,)) s- + l (iV, , i3,(,) U B^^-^) ■ 



H^(Nc) ^ H^(Ui) © H* {(72) ^ H^{L^) 
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Because the T-action on is Cohen-Macaulay by Lemma 19.101 the first row is 
exact by (|9.ip . Since r is an isomorphism by Lemma 19.91 (1), it follows that 6 
is injective. Then the exactness of the Mayer- Vietoris sequence implies that (3 is 
surjective. There exists a unique vertical isomorphism on the right that makes 
the diagram commute. Therefore the kernel of 5 equals the kernel of /3 o r^^ = 

See Example 19.241 for an application of Theorem 19.111 

Remark 9.12. By a direct calculation, we can see that the inverse of the right 
vertical arrow in the diagram (j9.8p is given by the composition of the excision 
isomorphism and the Thom isomorphism on the normal bundle of Lg in Ng. 

Remark 9.13. Note that the T-equivariant cohomology of By is given as follows: 
Let t„ and ie be the isotropy algebras of By and Ne, respectively. Let T' be an 
S'^-subgroup of T whose Lie algebra is a complement of the isotropy algebra in 
te. Then 

H^{By) - SiQ ® H^,{By) - 5(t:) ^ H'iBjT), 

as graded S'(t*)-algebras where the S'(i*)-module structure on the right hand side 
depends on the T-action on By. For two connected components Bi and B2 of Mi,, 
the equivariant cohomologies H^(Bi) and H^{B2) are hence isomorphic as rings, 
but not necessarily as S'(t*)-modules. 

Remark 9.14. By Lemma l9.9l v^r„-j andpt(e) induce orbifold diffeomorphisms Ps(e) : 
Le/T ^ S,(e)/r and ^(e) : L,/T ^ Bt^.^/T. We denote 

Pt(e) °P7{e) ■ Bs(e)/T ^ Bt(g)/T. 

With regard to the isomorphisms H^{By) = 5(1*) ® H'{By/T), we may con- 
sider fy € H^{By) as a polynomial map fy ty —?' H'{By/T). In this no- 
tation, pli^gjfs(e) e H'{Le) = S{il) (S) H'{Le/T) is the polynomial defined by 
(P*(e)/s(e))(^) = P*s(e)(fs(e){^))Jor all X G tg, and analogously forp*(^j/t(e). Thus, 
the isomorphism in Theorem 19.111 can be written as 

H'AM) ^ {(/.) e SiQ « H%By/T) I {^)(f ) -JiirfJl }• 

Comparing to the symplectic setting considered in [TB], the maps $e correspond to 
the ring homomorphisms defined in Equation (4.2) of [16], and the compatibility 
condition on the /„ corresponds to Equation (4.5) of [TB]. Thus our line of argu- 
mentation gives another proof of the Hamiltonian GKM theorem with nonisolated 
fixed points (Theorem 1.4 of [TB]) in the spirit of [T5] . 

9.3. The if-contact case. We are still to show that Theorem l9.11l is applicable in 

the if-contact setting. Let {M,a,g) be a connected compact if-contact manifold, 
and denote by T the closure of the Reeb flow in Isom(M, g). 

Lemma 9.15. Let H d T be a connected subgroup. Then each connected compo- 
nent of is a T-invariant contact submanifold of M . 

Proof. M" is clearly T -invariant, hence the Reeb vector field is everywhere tan- 
gent to . Thus, ker(a|j\,/ff ) is a hyperplane field on which coincides with 
TM^ n kera. We need to show that for each p in , {da)p is nondegenerate on 
ker(a|^/H). Consider the decomposition oiTpM in _ff-irreducible submodules: 

TpM = {TpMf (S^V^^ Tp{M") ® V^, 
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where fj, runs over the weights of the i7-representation: VJj is a complex one- 
dimensional vector space on which the action of the Lie algebra () — Lie{H) is 
given by [X^jw] — ijl{X)Jw. Let v £ Tp{M^) and w € for some /i. Then for 
each X in [) we have 

= {Lx#da){v,w) 
— -~da{\X* , v\,w) — da{v, [X*,w]) — -^{X)da{v, Jw). 

It follows that Tp{M^) is orthogonal to 0^ with respect to {da)p. 

If V is some element in (ker(a|jv/«))pi then the nondegeneracy of {da)p implies 
that there exists w e (ker Q;)p such that {da){v,w) ^ 0. We may write w = XRp + 
wi +'W2, where A S M, wi S (ker(Q!|jv/«))p and W2 E 0^ V^. Then {da){v,'Wi) ^ 
and it follows that {da)p is nondegenerate on ker(Q;|A/«)- D 

If A'' C M is a T-invariant contact submanifold, then (TV, a|iv) admits a com- 
patible /C-contact structure by Proposition 12 .41 Note that the effectivization of the 
T-action on N is equal to the action of the torus obtained as the closure of the 
Reeb flow of a\N in Isom(Ai", gljv). Modulo this effectivization, the restriction of 
the contact moment map of (M, a) to N is the contact moment map of {N,a\N)- 
Thus Proposition 16.31 and Lemma [9.151 implv : 

Proposition 9.16. The T-action on M satisfies Condition (*). 

Therefore, Theorem 19.111 is applicable in the case of i^T-contact manifolds whose 
associated torus action satisfies the nonisolated GKM condition (see Example 19. 24p . 

9.4. The isolated closed orbit case. We will see that in the isolated closed orbit 
case Condition (*) is not needed as the manifolds will turn out to be orientable 
cohomogeneity one T-manifolds, whose orbit space is just a closed interval. Let T 
be a torus, M be an orientable closed T-manifold. 

Definition 9.17. We say that the T-action satisfies the isolated GKM conditions 
if Mb consists of isolated T-orbits and the nonisolated GKM condition in Defini- 
tion [22] is satisfied. 

Remark 9.18. For equivariantly formal actions these isolated GKM conditions co- 
incide with the usual GKM conditions, see for example Section 11.8 of Guillemin- 
Sternberg [T7] . 

Assume that the T-action is Cohen-Macaulay and that the isolated GKM con- 
ditions are satisfied. Here, simpler than confirming Condition (*), we can show 
Lemmas 19.61 and 19.91 directlv as follows: 

Lemma 9.19. The manifold associated to each e in £ is a compact orientable 
T-manifold of cohomogeneity one. Thus, the well-known structure theorem of Lie 
group actions of cohomogeneity one implies 

(1) Ne contains exactly two connected components of Mf,, 

(2) Ne — i?s(e) (resp. — -Bj(e)j is T -equivariantly retracted to St(e) (resp. 
Bs(e)) and 

(3) we have T-equivariant maps 

Ps(e) ■ Le > Bs(e), Pt{e) ■ -^e > Bt{e) 

which define T-equivariant -bundles for every T -orbit Tg of codimension 
one in N^. 
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Proof. By the isolated GKM conditions, each connected component of Mb is a T- 
orbit, which is of codimension 2 in the closure of a connected component of 
A/fc+i — Mf). Thus iVe is of dimension 5 + 2. Since generic T-orbits in N^, are of 
dimension 5+1 in A^e, the T-action on is of cohomogeneity one. The orientability 
of Mb+i follows from the orientability of M, because the normal bundle of Mb+i 
can be decomposed into the sum of rank two T-invariant bundles with complex 
structures. □ 

Lemma[9T9](l) allows us to define the GKM graph T = (V, £) like in Section [9X21 
Since the T-action on is of cohomogeneity one, Example 2.(iii) in p. 829 of [T3] 
implies the Cohen-Macaulayness of the T-action on TVg instead of Condition (*) 
like in Lemma [9. 101 By Lemma [9. 191 (2) and (3), we can apply the proof of Theo- 
rem [nUIl Together with Remark 19.141 we obtain 

Corollary 9.20. // the T-action on the compact connected orientable manifold M 
is Cohen- Macaulay and satisfies the isolated GKM conditions, then 

H^iM) - [if,) €05(0 I = ftie)l^ ,Ve e f } 

vev 

as graded S{i*)- algebras, where F — (V,£) is the GKM graph of M, and ty and te 
are the isotropy algebras of and N^, respectively. 

By Theorem 16.51 Corollary 19. 201 and Proposition l9.16l we have 

Corollary 9.21. Let (M,a,g) be a compact connected K-contact manifold and T 
be the closure of the Reeb flow in the isometry group. If the T-action satisfies the 
isolated GKM conditions, then 

H'iM) - [if,) e 05(t:) I /,(,)|^^ = ,Ve e f } 

as graded S{t*)- algebras where F = {V,£) is the GKM graph of M , and iy and te 
are the isotropy algebras of and N^, respectively. 

Remark 9.22. Under the assumptions of Corollary 19.211 the closure of each con- 
nected component of M},+i — Mj, is a 3-dimensional contact toric manifolds of Reeb 
type. Then they are diffeomorphic to lens spaces by Theorem 2.18 of [51?. 

Example 9.23. Consider a compact connected if-contact toric manifold of Reeb 
type {M,a,g) with contact moment map <&: M — >■ t*. The image A of $ is a 
conyex compact polytope by Theorem 4.2 of [Sj. Here M satisfies the isolated 
GKM condition by Lemma |7. II Local properties of contact moment maps in Lem- 
mas 3.10 and 3.13 of [20] imply that the inverse image of the union of /c-dimensional 
faces of A under <I> is equal to Mk — A/fc-i where Af-i = 0. Then Corollary 17. Ill 
implies that the number of the vertices of A is equal to the dimension of H*{M, F) 
where is the orbit foliation of the Reeb flow of a. The GKM graph of M is 
given by the one-skeleton of A. By Corollary 19.211 fT^{M) is computed by the 
one-skeleton of A as a graded S'(i*)-algebra. 

We will give another description of the ring structure of H^{M). Since the image 
of $ is a convex compact polytope by Theorem 4.2 of [6], the T-action on M is 
open- face-acyclic in the meaning of Definition 3 of [2] . Then H!^ (M) is isomorphic 
to the Stanley-Reisner ring of A as a ring by Section 10.4 of [13]. A formula for 
integer coefRcients was obtained in a different way in Luo [23j . 

We present an example of the application of Theorem 19.111 and Example 19. 231 to 
if-contact manifolds constructed by the fiber join construction due to Yamazaki [35j . 
Here we apply the contact fiber bundle construction due to Lerman |21| . which is 
a generalization of the fiber join construction. Wc follow Example 7.4 of [?!] . 
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Example 9.24. Let a = {uq, . . . , a„) be an (n + l)-tuple of positive real numbers. 
An ellipsoid 

n 

has a X-contact structure given by the Euclidean metric go on C"+^ and a contact 
form Ua = V— 1 X] j=o (•^J ^3 ~^j'^-^j)\Ea- We fix a generic parameter a so that the 
closure T of the Reeb flow of aa is given by 

(9.9) (wo, • • • , Wn) ■ [zq, . . . , Z„) = (wo^O, ■ ■ • , WnZn) 

for (wo, . . . , w„) in T = C (C^)"+i and (zq, . . . , z„) in C 

Let X be a closed surface with a volume form ut whose volume is 1. Let P 
be the principal T"+^-bundle with a principal connection whose curvature form 
is (w, . . . jw) in n'^{X) (E) Aut(M""'""'^) where we regard uj as an element of i7^(X) (g) 
Aut(]R). Then we have a contact form a on the associated i?a-bundle M ~ Pxr^^+i 
Ea by Theorem 4.4 of [H]. The r"+-^-action on PxEa by acting on the right factor 
descends to an effective action on M . By the choice of a and the construction of a 
in Remark 3.8 of [21], we see that the closure of the Reeb flow of a is equal to this 
T"'"'"-'^-action. By Proposition 12.41 we get a /C'-contact structure {a,g) on M. We 
see 

Ml = P xi.„+i U;=o{(0' • • • , ^j, • • • , 0) e Ea}, 

M2 - P Xt.+i Uo<j<j'<n{(0, .■.,0,z,,0,...,0,z,,,0,...,0)eEa}, 

where Mi — {p € M \ dimTp < i}. Each E'^-fiber F in AI transversely intersects 
each connected component of A/i and M2. The T-action on F is given by (|9.9p . 
and (F, alp) has a structure of a iiT-contact (2n + l)-manifold of rank n + 1. Then 
{M,a,g) satisfies the nonisolated GKM condition by Lemma [7.11 Here F n Mi is 
the union of n + 1 closed Reeb orbits in F, and the GKM graph of M is given by the 
one-skeleton of an {n + l)-simplex. ProDOsition l9.16[ Theorem 19.111 Remark 19.141 
and Example 19.231 implv 

H^{M) - ker { S{t*) ^ S{t*^,)} ® H'{X) 

Q<j<n 0<j<j'<n 

^ H^{Ea)<EH'{X) 

as graded 5(t*)-algebras where tj and tjj' are the Lie algebras of the subtori of 
T defined by {wj = 0} and {wj = Wj' = 0}, respectively. Note that for the 
second equality we apply the isolated GKM theorem fCorollarv l9.2ip to Ea as in 
Example [1231 
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